Abstract. In this work a novel approach is presented for the Boundary Element analysis of problems in geomechanics. Firstly, Non-Uniform Rational B-Spines (NURBS) are used for the description of the geometry and for the approximation of the unknowns. This results in a significant decrease in the number of parameters used for an accurate description of the geometry as well as a decrease in the number of degrees of freedom required for good quality results. Secondly, NURBS are also used for the description of the geometry of geological inclusions, which can have properties different to the rock mass and can experience inelastic behavior.
INTRODUCTION
The Boundary Element Method (BEM) is ideally suited for the analysis of problems in geomechanics as it can easily consider infinite and semi-infinite domains because the radiation condition is implicitly fulfilled. In the case of elastic, homogeneous domains only boundary integrals appear, and the solution involves a discretization of the boundary, thereby reducing the analysis effort by an order of magnitude.
However, to analyze real problems in geomechanics the consideration of heterogeneous and inelastic ground conditions is essential. The BEM can be extended to analyze these problems, but additional volume integrals appear. The numerical solution of the integral equations requires the discretization of a volume, therefore partially destroying the attractiveness of the method. However, the volume integrals only cover the part of the domain that has different material properties or behaves in an inelastic way. Currently the most popular method is to use internal cells for the volume discretization. Cells are like Finite Elements but the main difference is that their only purpose is the evaluation of the volume integral. This means that no additional degrees of freedom are introduced. The requirement for an additional volume discretization seems to have severely restricted the application of the BEM in geomechanics, with the Finite Element or similar domain methods dominating. In this paper it will be shown how piecewise heterogeneous, inelastic domains can be analyzed without a volume discretization, thereby enhancing the applicability of the method for problems in geomechanics.
Isogeometric analysis [1] has gained significant popularity in the last decade because of the fact that geometry data can be taken directly from Computer Aided Design (CAD) programs, potentially eliminating the need for mesh generation. NURBS basis functions, that are used for the definition of the geometry, are able to describe certain geometries such as arcs exactly. Therefore, as will be shown, the number of parameters, required to accurately define geometry, can be reduced significantly. NURBS are also used to define geological inclusions, eliminating the need for a volume discretization.
THE BEM WITH VOLUME EFFECTS
To apply the BEM to heterogeneous and inelastic problems, so called body force effects have to be included. Using the theorem of Betti as explained in [2] , the boundary integral equation with body forces acting in a sub-volume V 0 can be written in incremental form and in matrix notation as (see Figure 1) :
where c is a free term, U(y, x) and T(y, x) are matrices containing fundamental solutions (Kernels) for the displacements and tractions at a point x due to a unit force at a point y [3] ,u(x) anḋ t(x) are increments of the displacement and traction vectors on the surface S, defining the problem domain.ḃ 0 (x) are increments of body force inside the inclusion andṫ 0 (x) are increments of tractions related to the body force acting on surface S 0 bounding V 0 . The integral equations can be solved for the unknowns u or t by discretization. As in the majority of previous work on the isogeometric BEM [4, 5, 6, 7, 8, 9, 10] we use the collocation method, i.e. we write the integral equations for a finite number, N, of source or collocation G. Beer 
with n = {1, . . . , N}.
For the numerical evaluation of the surface integrals over S we divide the boundary into patches and use a geometry independent field approximation approach for each patch, i.e. we use different basis functions for the description of the geometry and for the field values:
In the above the superscript e refers to the number of the patch, N k ,N d k , N t k are NURBS basis functions of the local coordinate u for describing the geometry x e , displacements u e and tractions t e , x e k specify the location of control points, u e k , t e k are parameter values and K, K d , K t specify the number of parameters for each patch.
For an excavation problem for example the following system of equations can be assembled:
where [T] is an assembled matrix with coefficients related to Kernel T and {u} is a vector that collects all displacement components on points y n . {F} is a vector related to the the applied excavation tractions and {F} 0 = {F}
0 is the right hand side related to the body force effects, i.e. related to the integrals over S 0 and V 0 in Equation (2) . Details of the implementation of the isogeometric BEM for elastic homogeneous domains can be found in [3, 11] .
An detailed treatise on NURBS basis functions is presented in [3] , here only a short explanation is given. NURBS or Non-uniform rational B-splines are an extension of classical B-splines. To define B-splines we start with a knot vector. This is a vector containing a series of non-decreasing values of the local coordinate:
We define the entries in the vector as knots. With the knot vector a recursive formula is applied. First we compute the functions for order p = 0 (constant) and for i = 0, · · · , N .
Higher order basis functions are defined by referencing lower order functions:
NURBS basis functions are obtained by including weights, w i :
4 Geometry description with NURBS NURBS are ideally suited for the description of geometry (for example they are able to describe circular arcs exactly) and this is one of the main reasons they are used by the CAD community. The main difference to commonly used Lagrange polynomials, is that the concept of nodal points is replaced by a concept of control points, which do not always lie on the curve.
As an example we show the description of the geometry of an NATM tunnel, where the design shape is specified by arcs (center, radius and extent) as shown in the tables in Figure  2 . One half of the tunnel can be described with 1 NURBS patch of order 2 and only 7 control points.
This describes exactly the design geometry. It is noted that some control points do not lie on the curve. The control polygon that connects the control points indicates that there is a smooth transition (unique tangent) between the arcs.
Approximation of unknowns with NURBS or B-splines
NURBS or B-spline basis functions are also ideally suited for the approximation of the unknown. In contrast to the commonly used Lagrange polynomials they offer more advanced refinement features. The main difference is that basis functions are not linked to nodal points, but to anchors.
The continuity of B-splines can be controlled by the knot vector. Knots that are repeated at the beginning and the end, control the order of the function. For example knot vectors Ξ = (0, 0, 0, 1, 1, 1) and Ξ = (0, 0, 0, 0, 1, 1, 1, 1) result in basis functions of order 2 and 3 respectively as shown in Figure 3 .
In Figure 4 we show how the extent and continuity of the basis functions can also be controlled by the knot vector. In the left we see that the first and last basis function has a limited 
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Control points Colloc. points This means that refinement strategies are simply implemented by changing the knot vector and this is in contrast to isoparametric elements, that involves a change of element type (to higher order) or an increase in the number of elements. The classical p-refinement can be achieved by increasing the number of repetitions at the beginning and end of the knot vector, whereas a refinement similar to the classical h-refinement can be achieved by inserting values into the knot vector. For basis functions of oder 2, for example, inserting one value means that the basis functions have limited span but are still continuous. Repetition of the inserted value means that the basis functions are discontinuous. This refinement strategy would be identical to a classical h-refinement.
In the following we show first examples involving a homogeneous, elastic domain and then consider geological inclusions.
Test example
This example is designed to demonstrate how very accurate (or in this case exact) results can be obtained with a very coarse discretization. It relates to the simulation of a circular excavation in an elastic prestressed domain. The following data describes the problem:
E=10; Poissons ratio=0.3, virgin stress σ x0 = 0,
The exact solution of this problem is known. Only one quarter of the problem was analyzed with two axes of symmetry assumed. The geometry is described by one NURBS patch defined with a basis function of order 2 and 3 control points. This exactly describes a quarter circle. The same basis function as for the description of the geometry was used (isogeometric approach) resulting in the collocation points shown in the left of Figure 5 . This means that the mesh has only 6 degrees of freedom. The exact solution for the stress concentration is 3.0. As can be seen on the right of Figure 5 the simulation yields the exact solution in this case.
Practical example
Here we present an example of the analysis of an NATM tunnel. The geometry of the tunnel is defined by arcs as shown in Figure 2 . The tunnel is excavated in a homogeneous elastic domain with the following properties: E = 10000 MPa, ν = 0.3. The virgin stress field was G. Beer assumed to be σ x0 = −0.4, σ y0 = −1.0 MPa. We show the salient differences between a conventional and a NURBS based analysis by comparing the two.
Conventional BEM analysis
In the conventional BEM analysis Lagrange polynomials are used for the approximation of the geometry and the unknown (= isoparametric boundary elements). A refinement of the solution can be obtained either by increasing the order of the element (p-refinement), or by increasing the number of elements (h-refinement). In most cases h-refinement is used. Figure 6 shows the approximation of the geometry of half of the tunnel and of the unknowns by increasing the number of elements. We see that for this refinement strategy both a better approximation of the geometry as well of the unknown is achieved.
NURBS based approach
Here half of the tunnel is discretized with 1 NURBS patch of order 2. The simulation starts with assuming the same basis functions for the approximation of the displacements as for the geometry. Refinement of the results can be achieved by order elevation or knot insertion. In the isogeometric BEM the collocation points are chosen to be the anchors of the basis functions used for the approximation of the unknown. Figure 7 shows the location of collocation points for the original and the first two stages of refinement by order elevation.
Results and Comparison
First we compare the variation of the tangential stress 1 along the tunnel surface, as a function of the number of degrees of freedom in Figure 8 . It can be seen that even without refinement the NURBS based analysis gives good results, with a smooth stress distribution and very little difference between the solutions with increasing degrees of freedom. The conventional BEM analysis shows a jump in stresses between elements, which decreases as the number of degrees of freedom is increased. This is because the approximation of the geometry with isoparametric boundary elements does not have C I continuity between elements and a small kink appears which is reduced, as the number of elements is increased. In Figure 9 we show the results of the unrefined NURBS based simulation. It can be seen that good results can be obtained with very few degrees of freedom.
Extension of method to include geological features
Being restricted to elastic homogeneous domains severely restricts the practical applicability of the method in geomechanics.
G. Beer Here we extend the capabilities by considering inclusions that have different material properties and may exhibit non-linear material behavior. As mentioned earlier volume effects will appear, that have to be dealt with. The aim in the implementation will be to avoid additional discretization effort because of this.
The basic approach is to use an iterative solution method. First the problem is solved considering an elastic homogeneous domain. Then the solution is modified to account for the presence of inclusions and inelastic behavior.
The procedure is similar to the initial stress method used in Finite Element work and can be summarized as follows:
1. Solve the elastic, homogeneous problem and determine the increment of stressσ inside the inclusion V 0 .
2. Determine an increment in initial stressσ 0 due to the fact that the elastic material properties of the inclusion are different from the ones used for the fundamental solutions and/or due to the fact that the elastic limit has been exceeded. 6. Repeat 2. to 5. untilσ 0 is sufficiently small.
Elastic inclusions
Elastic inclusions can be modeled with the multi-region method (see for example [2] ) and this involves an additional discretization and increases the number of unknowns. Here we include their treatment in the iterative process required for plasticity.
To compute the initial stress increment for the case where the inclusions have elastic properties which are different to the ones used for the fundamental solutions we use the relation between increments of stressσ and strain˙ in Voigt notatioṅ σ = C˙ (11) = C −1σ (12) where C is the constitutive matrix for the domain used for the computation of the fundamental solutions. The difference in stress between the inclusion and the domain and therefore the initial stress increment can be computed byσ
where C i is the constitutive matrix for the inclusion.
Inelastic behavior
If the inclusion experiences inelastic behavior then additional initial stresses are generated. Here we use the concept of visco-plasticity, but it is obvious that the method presented here can also be applied to elasto-plasticity. In visco-plasticity we specify a visco-plastic strain rate
where η is a viscosity parameter, F is the yield function, Q the plastic potential [12] . It holds that
The visco-plastic strain increment during a time increment ∆t can be computed by an explicit
The time step ∆t can not be chosen freely and if chosen too large, oscillatory behavior will occur in the solution. Suitable time step values can be found in [13] . The initial stress increment is given byσ
Previous work
The first BEM formulation for inelastic problems has been proposed in [14] . The method has been improved substantially in [15] , [16] and [17] . The latter approach proposed an initial strain formulation in which the consistent tangential operator [12] is used to obtain convergence of quadratic order for the iterative solution procedure.
The common approach for the evaluation of the necessary domain integration is to use cells which are identical to isoparametric finite elements. The cell based method for solving inelastic problems with the BEM is explained in detail in [18] and [2] . To overcome the need for a volume discretization, approaches such as the dual reciprocity BEM [19] or the use of radial basis functions [20] have been proposed. A comparison of these methods to the cell based approach found in [21] recommends the latter for accuracy and robustness. Moreover, radial basis functions are not suitable for the analysis of infinite domains. The possibility to automatically generate cells in the inelastic region has been explored in [22] . In [23] and [24] the cell method is extended to cover the simulation of elastic inclusions with different material properties and in [25] applied to a fast BEM formulation.
All these approaches require the generation of a mesh of cells, which adds an additional effort. Therefore the main innovation presented here is that the concept of cells is abandoned and replaced by a geometry definition of the inclusion as will be explained. It is expected that this approach will not only make the simulation of these simulations more user friendly but we expect also an increase in accuracy of the results, because the approximation of initial stress inside cells with basis functions is avoided. An important aspect regarding accuracy is that most published cell based methods a continuous variation of initial stresses is assumed, regardless of the fact that the elasto-plastic boundary may cut through a cell and that in this case the variation of the initial stress is discontinuous.
In the following it is first outlined how the geometry of inclusions is defined using NURBS curves and how the arising volume and surface integrals are numerically evaluated.
Geometry definition for inclusions
The first task is the description of the geometry of the subdomain V 0 . For this we propose to use a mapping method introduced recently for trimmed surfaces in [9] and [3] . This means that the subdomain is defined by two NURBS curves and a linear interpolation between them.
We establish a local coordinate system s = (s,t) = [0, 1] 2 as shown in Figure 10 and perform all computations such as integration and differentiation in this system and then map it to the global x, y-system. Note that there is a one to one mapping between the coordinate s = [0, 1] and coordinate u of the red and green NURBS curve in Figure 10 . The global coordinates of a point x with the local coordinates s are given by
where
The superscript I relates to the bottom (red) curve and II to the top (green) curve and x I k , x II k are control point coordinates. K I and K II are the number of control points, R I k (s) and R II k (s) are NURBS basis functions. The derivatives are given by
G. Beer The Jacobian matrix of this mapping is
and the Jacobian is J(s) = |J|. Remark: The geometry definition just outlined is suitable for geological inclusions of tabular shape, as are defined in the following examples. However, the theory presented is not restricted to this geometry definition and any definition that involves a mapping to a local coordinate system s can be used.
Computation of {F} 0
Here we discuss the computation of the right hand side during iteration. This involves the evaluation of the integrals in Equation (2) over S 0 and V 0 of the inclusion using numerical integration (Gauss quadrature). First the initial stresses have to be converted to tractions acting on boundary S 0 and body forces acting in the domain V 0 . The traction increments are given by:
where n is the unit outward normal vector to the surface S 0 . The body force incrementḃ 0 can be computed byḃ
It is convenient to compute the derivatives with respect to local coordinates s first and then transform them to global coordinates. For example the global derivatives of σ x in terms of local derivatives are given by the transformation
and J is the Jacobian matrix (23) . The derivatives are numerically computed using finite differences. We define a regular grid of points inside the inclusion in the local coordinate system s. For grid points that have other points left and right (or top and bottom) of them we use a central finite difference, whereas for points that only have one point on a side we use forward or backward finite differences.
Remark: In the following examples a simple linear interpolation between grid points and a linear extrapolation from grid points to the boundary S 0 . Obviously more sophisticated schemes may be applied. However care has to be taken that the variation of the initial stress may be discontinuous. The simple scheme applied here leads to an increase in the accuracy for determination of the derivatives and for the evaluation of the associated integrals as the number of grid points is increased. The convergence of the solution as a function of the number of internal points is investigated in [26] .
The numerical evaluation of {F} S 0 0 and {F} V 0 0 is explained in detail in [26] .
Computation of results inside the inclusion
As mentioned above, the solution algorithm requires the evaluation of strains and stresses at internal points. For the initial solution (without body forces) the displacements at a point y i inside the inclusion V 0 can be computed by
The strain at a point y i inside the inclusion is
where S and R are derived fundamental solutions [2] . The stresses can be computed using (11) . For the subsequent solution (including body forces) the displacements at a point y i inside the inclusion is
The strain can be computed by
Again, for the evaluation of the integrals Gauss integration is used and is described in detail in [26] . 
Test examples
The theory is tested on two simple examples here and comparison is made with a coupled BEM/FEM analysis.
Example 1: Elastic inclusion above circular excavation
Here we test the capability of the method to simulate elastic inclusions. The example is that of a circular excavation in an infinite domain with the following properties:
E=1; Poissons ratio=0, virgin stress σ x0 = 0, σ y0 = −1. Above the circular excavation there is an elastic inclusion with the elastic modulus of half the one assumed for the domain. Figure 11 shows the geometry definition of the excavation and the inclusion. The solution was achieved by order elevating the basis functions used for the description of the geometry three times. Figure 12 shows that the simulation converges after 8 iterations and that the end result compares well with a coupled Boundary/Finite element analysis using the software BEFE. The results of the simulation are shown in Figure 13 .
Example 2: Elasto-plastic inclusion above circular excavation
This is the same example as the previous one except that the inclusion has the same elastic properties as the domain but has elasto-plastic properties. In this case a laminate plasticity model was applied with a horizontal orientation of the lamina and a Mohr-Coulomb yield condition. The properties assumed were:
Angle of friction φ : 10 • , c: 0, non-associative flow law with ψ : 0. The convergence of the maximum displacement after about 10 iterations is shown in Figure  14 and compared with a coupled analysis using BEFE. 
Practical example
The practical example is one that has been solved with a coupled BEM/FEM method and reported in [2] . It relates to the plane strain analysis of an underground power station cavern. Figure 15 shows a sketch of the final excavation stage together with the geology which basically consists of mudstone, sandstone and conglomerate. The mudstone is the weakest material and has the most profound effect on the ground behaviour. Therefore these layers have been modelled in the simulation reported in [2] .
The material parameters assumed in the simulation are summarised in Table 1 . For revisiting the coupled BEM/FEM analysis with the novel simulation method, using BEM only we consider an excavation stage to level 232 m and a limited extent of the inclusions. It should be noted here that no truncation of the mesh is necessary, as the solution obeys the radiation condition. The limited extent of the inclusions simply means that the effect of the mudstone layers diminishes at a distance from the excavation surface. Figure 16 shows the geometry of the cavern with the discretization into 14 NURBS patches. For the analysis some basis functions for describing the geometry were order elevated, resulting the the collocation points shown in Figure 17 . The resulting displacements are shown in Figure  18 .
Summary and Conclusions
The aim of the paper was to show recent advances of the Boundary Element Method with applications in geomechanics. It has been demonstrated that the use of NURBS basis functions results in a significantly more efficient simulation with fewer parameters required for accurately describing the geometry and fewer degrees of freedom. It was also shown that NURBS technology can be used for the definition of geological inclusions with few parameters, resulting in more efficient simulation of these problems. The claims have been verified by test examples and a practical application. An extension of the theory to 3-D problems is underway.
